Section 5.1, please read and try
the suggested practice problems

Natural Logarithm: Recall:

Ix”dx= ri(j:ll +C, n=+-1

[ dx = [xdx = X="— +C undefined

What is [ Ldx 2

A function whose derivative is %

Foo) = [ Lt
1
by

theSecond Fundamentalrheorem of Calculus
(Recall from the chapter 4)

F'(x) =+
[£dx = Foo +C

[ £ax :j%duc
1

because of the continuity of of f(t)=%
on (0,c), we have
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X
I%dt as a well defined function.
1

x Section 5.1, please read and try
In(x)=_[ %dt the suggested practice problems
1

1
tdt

P C— <

as the natural log of x.
X

In(o= [ +dt
1

In(0) undefined
1

In()=| Ldt -0
1

In(-2)

-2

[a--

1 —

_—

%dt, improper and also it does not exist...

N

X
In(x)zj%dt , x>0
1

j%dx =Inx + C

dinx) 1
—a X +C

Shall fill the following:
dln(x)+C) _1

dx X
[ £dx =InxpC

shall post the proof later

Example 1
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To find
Y iy = 2
i if y =x“Inx

y = X2Inx

%z(Zx) Inx + xz(%)

ﬂz 2xInx + x
dx

Example 2:

Find f/(%) if f(x) = In cosx

remember that

y =Inu
dy_1 du
dx U dx

f'(x) ZW%X(—sinx)
oo - 2
f'(x)= —tanx

f(§)=-n(5)-

extension:

Section 5.1, please read and try
the suggested practice problems

Find an equation of the tangent line

at (%,—%Inz)

recall:

-(3w2)
x— L
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Section 5.1, please read and try
OR the suggested practice problems

to the graph of f(x) = In cosx
f(x) = In cosx

The Derivative of In|x| is % X #0

An antiderivative of % is Injx| + C

[ A =inup+c _
Section 5.2, please read and try the

suggested practice problems
Example 3: To evaluate

-1
I x(Inx)? dx
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-1
-[ x(Inx)? dx

=j__

=I —u~2du
= _“2_2:11 +C Section 5.2, please read and try the
=; +C suggested practice problems
—L +C
Inx

Example 4: To evaluate

J’ _t+1
2t2+4t+3

22 +4t+3 =u t=0:u=3,t=1:u=9
—(4t+4)dt = du
- 4(t+1)dt = du
S(t+ 1)dt =%du

du
u

I w——o©

|—\.l>||—\ FNEN

Inu|3

(In9—|n3)

_1 n22_ 1 . 2 _1a(32
—4(In3 In3) 4(In3 In3) 7 In( 3 )
=%(2In3—ln3)

=+1n3

Example 5:

To find 9.
dx
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Section 5.2, please read and try the

ify — (x? +3)"(3x +2)° suggested practice problems
Jx+1
(x2 +3)23(3x + 2)?
Iny =1
" n( Ix+1

~Iny =In((x2 +3)#3x + 2)2)—In Jx+1
>Iny =In((x? + 3)2’3)+In(3x +2)2=In(x + 1)?
~Iny :% In(x% + 3)+2In(3x + 2)—% In(x +1)

differentiate with respect to x

d(lnu) _ 1
dx U

1dy _ 2, _1 L1 a1 1
Yax ~ 3 330+ 2 55 -5 1
d

du
dx

(2 +3)2%(3x + 2)?

a (2 .1 1 1.1

dx (3 T3t 5 50) -3 x+1)y
dy (2, 1 .1 1.1 )
dx_(S Y GORE A vl C) Rl dvar | (

More Examples:

Example6:

j (Inx)? dx

X

Inx:u»%dx=du

J‘ (Inx)3 dx

X
:J‘ usdu

=UT4+C

4
=—(Ini() +C

Example7: Letuswork on
Itanxdx

Jx+1

)
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I tanxdx

=f SINX_ gy Section 5.2, please read and try the

COSX -
cosX — U > —sinxdx — du suggested practice problems

j tan xdx

_[ sinx
—I cosx I

:_j du

u
=—Inju|+C
=—In|cosx| + C

another way
—Injcosx| = —1 x Injcosx| = Incosx|™ = In|secx]|

Example8:
To illustrate the procedure of the logarithmic differentiation

To differentiate

_ f(1+x2) (1 +x%)?
J1+2x?

Quotient rule will not be too pleasant

f(1+x2) (1 +x%)?
J1+2x?

s/(1+x2 (1 +x%)?
- Iny =

J1+2x?

- Iny = In( (1 +x2) (1+x4)2) —Iny1+2x?
> Iny = InJ(1 +x2) +In(L +x4)* = InJ/1+ 2x2
S Iny = In(L+x2)™ 4+ In(1 + x4)? = In(L + 2x2) 12
- Iny = % IN(1 +x?) +2In(1 +x*) - % In(1 + 2x?)

now, we may differentiate with respect to x

1dy 1. 2 43 14X

dX 3 "1+ x2 1+x* 2 1+2x2
(; 2X_ Lo 4x® 1 _ 4 )y
3 1+x? 1+x* 2 1+2x2
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dy:(;, 2X_ o 4X°
3

7 dx 1+x2 1+x4
25 onthepage324
In(x-2) —In(x+2) + 2Inx

=In( ;;% ) + Inx2

w((4)<)

:In( X2>(<X+_22) )

Example9:

1
2

ax J(1+x2) (1+x4)?
1+2x? ) /1 + 2x2

Section 5.2, please read and try the
suggested practice problems

Find the slope of the tangent line to the graph

ofy = Inx? at (-2,In4)

y = Inx?

ay _ 1 L gy
dx_xz(zx) dx

Slope of the tangent line at (-2,In4) is 4

equationisy = —x+Db

In4=2+b
b=1In4-2
y=-X+In4-2

y =Inx? -y = 2Inx

2

X

2
-2

- -1
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Example 10: Section 5.2, please read and try the
suggested practice problems

y =InBx-7)*

dy - 1 gy 7y3q_ 12

= (3X_7)44(3x )% = 5o

y =4In(3x—-7)  on the appropriate domain

dy _, 3

dx 33X -7

dy 12

dx 3xX—7
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Inverse Functions
Consider the functions

f(x) = 3x -2
g(x) = 4%
f(x) = 3x -2

y2’ -
4 2 0 2x 4

Which one is a graph of f and which one is a graph of g?
black: f, red: g

g f(x) = 9(f00) = gdx—2) = P2 = 3K

fogx) = f(gx)) = f(22) =3(%2) -2 =x



slope of fis 3
slope of g is %
The green line is a graph of y = x

Note that the white and the green graphs are reflections of each other
by the green graph.

Definition:

Let f be a function with the domain D and the range R
and g be a function with the domain R and the range D

and
gof(x) =x
and
fog(x) =x
Then

f and g are called inverses of each other.

g = f1



f=g*

caution:

.1
fqtf

To obtain a graph of the inverse of f from a graph of f,
reflect the graph of f by the line y=x

f(x) = x3 +x

10 -8 -6 -4 271 2 4x6 8 10

Saw that the slope of the tangent line at (1,2) to the graph of
fis 4
1

The slope of the tangent line at (2,1) to the graph of f1 is T

In general
Inverse Function Theorem
Under certain conditions ( to be specified later)

Ifg = f*
and (a,b) is on the graph of f, note that the slope of the tangent at (a,b) to the graph of
fisf'(a)

then (b,a) is on the graph of g = !
1

the slope of the tangent at (b,a) to the graph of g = fis %

12



FH'(b) = ﬁ, provided f'(a) + 0

Example of a function that does not have an inverse:

f(x) = x2

107

10 -8 -6 -4 2012 4x6 8 10

o & AN
AT

-10-

Does not have an inverse because does not pass the horizontal line test

Remember the following:
Inverse:

1. (a,b) ison f, then (b,a) is on f*

2. reflection by y=x rule

3. horizontal line test

or

4. in order for f to have an inverse the graph will have to be  or \,
that is either

f(x) >0 or f(x) <0

5. finding an expression for the inverse

6. Inverse function theorem

13



Find the inverse of

1. f(x) =4x -2
y=4x-2

X >y
x=4y-2

Solve fory
x=4y-2

X+2 =4y

N

- f‘l(x):%x +%
Note that the slopes of fand /! are the reciprocals of each other

The graphs of fand /! are reflections of each other by the line

y=x
Sx) =4x -2

Example 2:

flx) = Jx?> — 4 is a function

T T T T
4 2 0 2 x 4

but does not have an inverse because it fails the horizontal line test
But



fx) =Jx?2 -4, x <=2

Domain: (-»,-2] ,the range is [0,)

—_

(=1
)
IS
N
S}
S
S o N A NS N A O O
[P AT Ll L
S}
~
>
s
)
o

passes the horizontal line test (of course it has to pass the VLT also) therefore
does have an inverse.

/' : Domain [0,) and the range is (—o,-2

y=4Jx*-4 wherex < -2

X —Yy

x=,y>-4 wherey < -2
x’=y’>-4

y’= x>+4

y =Vx?+4

What went wrong?
Note that y is negative

therefore for us,
y’= x>+4

15



y = —Jx>+4
flo)= —Vx2 +4

—_

[ R AN =]
AT ]

S % & A O
T AT

'
—_

Find the slope of f at (-4,2/3)

f(x) =vx> -4
f(x) =—=
x2—4

the slope of fat (4,23 )

: )  _ .21
is e 3

Find the slope of

f(x) =-VJx?+4 at (2\/§,—4>
1y (x)= ——X

R

the slope at (2/3,-4)

23

is — = —

1/5-_3_

This was an illustration of the Inverse Function Theorem:

If fla) = b
1Y (h)= 1
(f )()f(a)

provided 1 (a) # 0
make sure to read the requirenents for the inverse function theorem in the notes
and the text

16



Question 1:

Does f(x) = x° + x* + x have an inverse?

Yes, because it is one one (graph passes the HLT)
Or recall the first derivative test:

If /(x) > 0 the function is ~

Here
f(x) = 5x*+3x>+1 > 0
therefore the function is 1-1 and has an inverse

Question 2:

Find the slope of /! at (3,1)
if ix) = x> +x3 +x

Recall that (#)'(3) = —L—

/)
Find
f(x) =5x*+3x2+1
and since

f(1) = 5(1)*+3(1)>+1 =9
1y 3y 1 1
) 3) 79

y=x+x+x

o<
L

Equation of the tangent at (1,3) for f

(y-3)=9(x-1)
Equation of the tangent at (3,1) for /!

=)= (x=3)



Exponential Functions

Since f(x) = Inx is one-one ,
f an inverse.

The Domain of f(x) = Inx is (0,x)
The Range of f{x) = Inx is (-0, )

Inx

Section 5.4, please read and work on the
suggested practice problems in the text

—_

[ R A =]
AT ]

10 -8 6 -4 -

2 456 8 10

S o & AD
L O

We represent /! (x) = e~
the domain of y = e* is (—o0,0)
the range of y = ¢* is (0,x)

y=¢" thenlny = Ine* = x

. ay o
Find e ify=e

y=e'
->lny = X
differentiate with respect to x

Lﬂ:1
Y dx

-

dy _

ax Y
D o
dx_e

or if u is a differentiable function of x

18
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Section 5.4, please read and work on the

de" _ udu suggested practice problems in the text
dx dx

je”du =e'+C

Example 1:
Find the area between the graph of y = xe™ and the x-axis from

x=0tox=1.

y = xe™
0.4
0.2
4 4
T -
1
j xe~* dx
0
Note that

19
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J.xe*’”dx

—x?=u » —2xdx = du -» xdx = —

Ixe‘xde

(-
=—% e'du

_ 1 u
= 2@ +C

1 2

=—567 o
_ 1 a0, 1
—2¢ *3

Work on the section5.4 please

1

2

du

Section 5.4, please read and work on the
suggested practice problems in the text

20
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4 4 4 4 4 I L
+ + + + + +
25 2.75 3 3.25 35 3.75 4

& A & 0 S o = N w ~ @
| | | | | | 1 | | h
I t t t t t t t t {

Find % =y’ by implicit differentiation if
ey +x =5

wrt X Section 5.4, please read and work on the

eS‘”y(cosy)% +1-0 suggested practice problems in the text

esY(cosy)y' +1 =0

solve fory’

esY(cosy)y' = -1

y = -——1
esi"¥(cosy)

What is the slope of the tangent line at (4,0)

R
y es"%(cos0)

L+ <
or N w » o«
' ' 1 h

t t t {

1S T O
| | 1 ! |
t t t t t

21
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To evaluate

J e

seteX—-1=u
- eXdx = du

Id—ljJ = Inju| + C = Inje* -

dx
1+ eX

Work on 5.4 and

work on

dx
1+e*

<
N
1

TR S | |
————— —
0051 152 253 354\¢4.55

N
& A & ) s STo - N w
k t t t t t t t

11+C

Section 5.4, please read and work on the
suggested practice problems in the text

Another example of implicit differentiation

To use the implicit differentiation to find y’ if

e*cosy = xeY

and find an equation of the tangent line to the graph at

the point (0, £)

22
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gXcosy = xe¥

differentiate wrt x

eXcosy + e*(—siny)y' = e¥ + xeVy'
Now solve for y’

(-e*siny —xe”)y’ = e/ — e*cosy Section 5.4, please read and work on the

suggested practice problems in the text

1 eY-eXcosy
y = eXsiny+xeY
.
at (0,5
e™2_¢0 cos(n/2) 1,
_ereces@ie) a3
slope e0sin(z/2)+0e™2 €
Equation is
T l71'
y—-+5 = —-€ez2X

Let us check
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