We are going to consider vector fields.

We may think of vector field as a function that assigns a vector to each point in a region in two or three dimensional
space.

Example

1.

F(X,y) = xi -]

Note that F(1,0) =i = (1,0)  F(0,1) = —j = (0,-1)  F(-1,0) = —i = (-1,0)  F(0,-1) =j = (0,1)

F(1,1) =i—-j=(,-1) F(1,-1) =i+j=(1) F(-1,1) = -i—j =(-1,-1) F(-1,-1) = —-i+j =(-1,1)

We may show the sketches of these vectors as



=0



i

A general picture will look like (you do not have to sketch a general picture like this on the exam.)



Example 2:

F(x,y) = 2xyi + <x2 - y)j
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F(x,y,2) = x2zi — 2Xzj + yzk

Example 3:



Note that the components of a vector field, as in this case,
xzz, — 2Xz, yzk

are functions of x,y,z
Example 4:

Vf for a scalar function f(x,y,z) is a vector field.



Definition: If F(x,y,z) = Mi + Nj + Pk is a vector field such that M, N, Q have first continuous partial derivatives in an open
region in the three dimensional space, then we define the Curl of the function F in the following manner

CurlF(x,y,z) = V x F another notation
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Example 1

#44 on the page 1063

Tofind VxF at (2,-1,3)
where F(x,y,z) = x2zi — 2Xzj + yzk

VxF



i J k
g 9 0
ox oy oz
x27 —2xz yz

:(a%(yz) - %(—sz))i +(Z (%) - Lom)i+ (%(—ZXZ) - a%(x%))k
~(z+20i + (x2)j + (-22)k

at (2,-1,3)

CurlF = (3 +2(2))i + (22)j + (=2 x 3)k = 7i + 4j — 6k

#52 on the page 1064

Tofind V x F if F(x,y,z) = e?(yi + Xj + k) = e?yi + e?xj + eZk

VxF
i J k
| & o 2o
ox oy oz

ely elx e?



(G- Zew )i (Lew - Zed)i+ (Lemo- Sen )k
=—xeli+ (ye?)j + (eZ —e?)k
=—xeZi + ye?j

Definition: A vector field F is called a conservative vector field if CurlF = 0
Example 1:

For a differentiable scalar function f(x,y,z) , Vf is a conservative vector field.

of \. of \. of
Recall that Vf = (&)l + (ﬁ_y)J + (E)k

Because

V x (Vf)
i J k
0 0 0
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Example2:
#54 on the page 1064
Given that F = y223i + 2xyz3j + 3xy222k

VxF

[ | k
o 0 0
OX oy oz

yzz3 2xyz3 3xy222

z(%@xyzzz) - %(2xyz3>)i + (%@223) - %<Sxy222>)j + (%(2xyz3> - (%(y223>)k
=(6xyz2 — 6xy22>i + (3y222 — 3y222>j + <2yz3 — 2yz3>k
=0

In fact V x F = 0 if and only if we can find a scalar function f such that F = Vf

In such a case, f is called the potential function of F

In the above example, we noted that for F = y223i + 2xyz3j + 3xy222k

10



VxF=0

therefore we should be able to find a potential function f for F

so that F = Vf

Or

2,3 3, any2,2k - Of; of . of

y<z2i + 2xyz°j + 3xy<zk = 8x|+8yj+azk
That is

o 23 O o3 O _ 32,2
P =y“z 2y = 2Xyz Fr = 3xy“z

Please pay attention to the following methodology to obtain the function f from the above information
Consider

of 2.3

—_ = Z

OX y

Integrate with respect to x , treating y and z as constants

f= xyzz3 +9(y,z) + K1, where g(y,z) is a function of y and z only and K is an absolute constant



Similarly

g_; = 2xyz3 - f = xy2z3 + h(z,x) + K>
A 22,2 L f 2,3

pe = 3xy<z f=xycz° +k(x,y) + K3
compare

f= xyzz3 +0(y,2) +Kq
f= xyzz3 +h(z,x) + Ky
f= xyzz3 +k(x,y) +Kg

f(x,y,2) = xyzz3 + K where K is an absolute constant.

We may check our answer by verifying that

#56 on the page 1064
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To check if F = —X i+ —) ~j + K is conservative.

X2+y? X2+y

In case it is conservative, to find f such that F = Vf

a(1)

VxF
i J k
0 0 0
= OX oy 0z
X y 1
X2+y?  X24y?
I CORCC
0z \ X°+y?
—(0>n+(0>1+( 2y nyz>k
(X*+y?)’ (X2+y2)

Therefore F is conservative

To find f such that F = Vf

X i Y o of of of
x2+yI x2+y2J tk= ox' yJ+6zk
Now

)_

OX

)i+ (5

y

+y?

)_

0

oy

(

X

X2+y?

)
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of X

- af:%ln(x2+y2>+g(y,z)+K1 USEDI u du=%ln<u2+a2>

ox X4y’ u+a’
O Y e 1 n(x2 . \2

oy X f= > In(x +y >+h(z,x)+K2

of _

i 1-f=z+k(xy)+Ks

Comparing

f=Lin(@+y2)+90.0+Ky = 2In(x2+y2) +h@zx) + Ky
We have
f(x,y,2) = %In(x2 +y2> +z+K

To check the answer, compute Vf and check if it is actually F

In case, we have a vector field in two dimensions

F(x,y) = Mi + Nj

f=z+k(xy)+Kg

14



We shall call F conservative if and only if % = %—')\(I

In case F(x,y) = Mi+ Nj is conservative, we should be able to find f such that
F = Vf

#38 on the page 1063

F(x,y) = 3x2y2i + 2x3yj

M = 3x2y2
N = 2x3y
M _ 62
EY 6x<y
ON _ g2
o 6x<y
oM _ N
oy OX

therefore the field F is conservative



To find f such that F = Vf

That is

ot O 5020200 003y
axl+ayj—3xyl+2x Yj

o o202 32
ax—Sxy f=x7y%+9(y) +Kq
%=2x3y—>f=x3y2+h(x)+K2

The compariosn gives that

f(x,y) = x3y2 +K

Line Integral

Let a smooth curve C be defined by the parametrization x = x(t),y = y(t),z = z(t)

,ast<b

16



b
then the line integral J.fds = J.f(x(t),y(t),z(t)) \/<x’(t)>2 + (y’(t))2 + (z’(t))2 dt
C a

A good application of such a line integral is to obtain the mass of a wire with given density
#26 on the page 1075

To find the mass of the wire that is given by T(t) = 2(cost)i + 2(sint)j + 3tk , 0<t<2r
where the density of the wrire is p(X,y,z) = k+z2

17



The mass

_ J.(k+z)‘/ %)2+(d—y) + (& ) dt

_ j (k+3t) J(-2sint)2 + (2cost)2 + (3)2 dit
0
21
= [ k+30) J4sin2t + 4cos2t + 9 dt

0
2

= I (k +3t) ‘/4<sin2t + coszt> +9dt

2
:j(k+3t),/4+9dt

21
=j(k+3t)mdt
0

21
~J/13 j (k + 3t)dt
0

18



(0 %))

15 (o 22 (7 202
=/13 (27rk + 67r2>

The line integral of a vector field

Let F be a continuous vector field defined on a smooth curve C that is given by P(t) ,a<t<b
The line integral of F on C is given by

b
j F.dr = j F.Tds = jF(x(t),y(t),z(t)) 2P ()t
C C a

An application of such a line integral may be seen in the computation of work done by a force.
Example:

To compute the work done by the force field F = xyi + yzj + zxk
in moving a particle alongx =t y= t2 z =13 0<t<1

19



here T(t) = ti + t2j + t3k

Fe),y®),z0) = 0 (t?)i+ (12) (13)j+ O (13 )k = 131 + 9] + t4k
') = i + 2tj + 3t2k
FoP =345 +14(32) =13+ 26 436 = 13 4 56

1 1
[F-Plat = [(t3+5t6)dt - (ﬁ+i
0 0

#40 on the page 1076

To find the work done by the force F(X,y,z) = yzi + Xzj + xyk

in moving a particle along the straight line from (0,0,0) to (5,3,2)

Note that an equation of the line connecting (0,0,0) to (5,3,2)



isx=5t y=3t z=2t

witht=0 tot=1

T(t) = 5ti + 3tj + 2tk
?'(t) = 5i + 3j + 2k

F(x(),y(),z(t)) = (3)(2b)i + (5t)(2t)j + (5t)(3t)k = 6t2i + 10t2j + 15t%k

F.7' =302 + 30t2 + 30t2 = 90t2

1 1
IF Pt = j90t2dt — (30t3|é) — 30
0 0

Note that if F is conservative, that is F = Vf for some scalar function f

then

For any path C fromt = atot = b given by T(t)

21



F-?’:Vf-?’:(ifi+a—;j+a—fk)-(ﬂi+d—yj+ﬂk) _ Odc ofdy ofd df

ox 0 0z dt* dt’ dt/) ox dt oy dt oz dt  dt
and
: df
[ FeTds - Srdt = f(Q) —f(P)
C P

That is to say, the line intergral just depends on the values of the potential function at the end points and is
consequently independent of path for a conservative vector field F

and also For any closed curve C, j F .Tds = 0 IF F is conservative
C

#20 on the page 1086

Tofinde-dr
C

where F = 1 +2j +yk

and Cis

22



a) T(t) = (cost)i + (sint)j + t2k 0<t<nr
b) P(t) = (1 - 2t)i + 2tk 0<t<1
Note that
i j k
__ﬁ_i_i__ﬂ_ﬂ)(ﬂ_ﬂ
CurlF = oy oz | (8y oz )' T oz T ax
z y

)

J

(

oz _

OX

ol
oy

Jk=o0

therefore F is conservative and we can find the value of the line integral just by evaluating the potential function at the

end points

Let us find a function f such that Vf = F

that is
a—fi+a—f'+a—fk—i+z'+ k
OX 8yJ oz Tary
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of =1->f=x+9(y,2) +Kq

X

of

EN =7 f=yz+h(z,x)+K,
of _

2 =y~ f=yz+k(xy) +Kjg

Compare the three values to see that

f(x,y,2) = x+yz+K

Therefore

for

a) T(t) = (cost)i + (sint)j + t2k 0<t<nr

att =0, (x,v,2) = (1,0,1)
att=rm, (x,y,2) = (—1,0,7r2>

24



T
jF-dr = f(-1,0,7%) = f(1,0,1) = (-1+0) = (1 +0) = -2

0

b)

T(t) = (1 - 2b)i + 72tk 0<t<1
Xx=1-2t y=0 7 = 7t

whent =20 x,y,2) = (1,0,0)
whent =1 x,y,2) = (—1,O,n2>

f(—l,O,ﬂ2> —£(1,0,0) = (-1) - (1) = -2
#22 on the page 1087

To find I F.dr
C

where F = —yi +Xj + 3xz2k

and C is given by

25



a) T(t) = (cost)i + (sint)j + tk 0<t<nr
b) T(t) = (1 - 2t)i + ntk 0<t<1

In this CurlF = 0
therefore we are going to work it out the routine way

a)
F(X(D), Y(1),2(t)) = —(sint)ii + (cost)j + 3(cost) (12 )k = —(sint)i + (cost)]j + 3t?(cost)k

d? _ _(sint)i '
S = ~(inDi+ (cost)j + k

T
JF-dr
0

. dr
F dtdt

(—(sint)i + (cost)j + 3t2(cost)k> « (—(sint)i + (cost)j + k)dt

O+ O3

26



T
=j. (sinzt +cos2t + 3t2 cost)dt

0
T

:J. (1 + 3t2 cost)dt
0

T

jldt =7

0

Use the integration by parts (may use the short cut of the tabular integration)

to find

I3t2 costdt = 3tZsint + 6tcost — 6sint + C

T
_[3t2 costdt = (3t2 sint + 6tcost — 63int|g) = (37r23in7r + 6rcosm — 63in7r> — (B(O)Zsino +6(0)cos0 — 63in0> = —6r
0

Therefore

27



T
j(1+3t2cost)dt — -6 = —5z
0

b)
Tt) = (1-2t)i+ntk 0<t<1
X=(1-2t) y=0 z=nt

(1) = —2i + 7k
FX(L), y(1),2(1)) = 0i + (1 — 20)j + 3(L — 2t)(xt) 2k

F-7' = 3r(1-2t)(rt)? = 323121 - 2t) = 323 (12 - 23)

1
({F-dr: £3n3<t2—2t3>dt= 3n3(%—% é) ~3(L-1)--&

Green’s Theorem relates the line integral to a double integral in the following circumstance
(Read the page 1089 for more details)

If we have a region S that is bounded by ONE simple closed curve C (a curve that does not cross itself)
and the boundary curve is piecewize smooth and M and N have continuous partial derivatives on S and C
then

28



(J;(de+ Ndy) = js'[(%—')\(' - %)dA

#16 on the page 1096

To evaluate I(ex cos 2ydx — 2eXsin2ydy) along the boundary of the circle x2 + y2 PV
C

In this case M = eXcos2y and N = —2eXsin2y

Note that

ON _ _9aXgi
o 2e”sin2y

OM _ _oaXgi
EY 2e”sin2y

ON oM _
therefore o oy

E[(de+ Ndy) = jsj(%—';(‘ - %—';f')dA - ijOdA -0

29



#18 To evaluate ~[(e_lez - y) dx + (e_yz/2 + x) dy
C

where C is the boundary of the region between the graphs of the circle x = 6cos6 ,y = 6sinf
and the ellipse x = 3cosf ,y = 2sin6

If treat C as C1+C4+C2+C3 as shown below

30



then we can apply the Green’s Theorem to evaluate

I(e—lez - y)dx + (e—y2/2 + x) dy
C

Here M = e X/2 _y N =e Y72
oM _ _ ON _
oy . X !

(m_m) _
OX oy

31



If(%—i'—%)dA=IJ(2>dA=szdA

S

” dA is the area of the region between the circle and the ellipse as shown above
S

Circle of radius 6 has area 71(6)2 = 36x

Ellipse with semimajor axis 3 and semininor axis 2 has area n(3)(2) = 6x

H(%—')\(' - %)dA — 2(367 — 67) = 607
$

Evaluation of surface Integrals

32
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In the above picture the surface S has equation z = g(x,y)

the projection of the surface S in the xy-plane is R

& & -
g, X ay are continuous on R

and f is continuous on S
then

the surface integral

([ tds = [[ txy.000)) Jl 4 (%)2 + (%)2 dA

S R

Example:
To evaluate ” zds where S is the part of the plane z = 1 + x that lies directly above the unit disk

S
x2+y2 =1
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In this case

{!zds

- Lj(ux) J1+ (%)ﬂ (
:”(l+x) J1+ @2 +(0)2dA
R

:”(1+x)ﬁdA
R

o(1+x)
oy

2
) oa

zZ=1+%

HM2+yn2=1

36



-2 ”(1 + x)dA
R

Since R is the region bounded by the unit circle x2 + y2 =1

transforming to polar coordinates should help

” zdS

S

-2 j j (1 +x)dA
R

2r 1l
=2 _[ j(1+ rcos®)rdrdd
00

2l
=J2 J Kr+r2c039>drd0
00

=J2 J (% + %cos@)d@

B 0 1 2
—ﬁ(z + 33|n9‘0 )
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An important application of the surface integral is mentioned on the page 1114 of the text that if a fluid is moving
through a surface S with continuous velocity given by F then the volume of the fluid crossing the surface S per unit time

is called the flux of F across S and is evaluated by ” F - NdS
S

where S is oriented by the unit normal vector N (check page 1113)

We call a surface S orientable if it is possible to choose a unit normal vector N at each point of the surface that varies
continuously over S

If an orientable surface is given by z = g(x,y) which is a level surface of G(x,y,z) = z - g(x,y)
then recall that VG is a vector normal to G(x,y,z) =0 or z = g(x,y)

¢ VG :
therefore we can use —=—2—- OR —-2X2- to orient the surface S
IVG]| VG|

29, &g

VG = axl_a_yj+k

_ (292 (6_9)2
||VG||—‘/(8X> (5 ) +1
N_ VG _ (—gi-3itk)

”VG” B \/(2_3)24_(%)2_’_1
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”F e jRIF J& ;I(_%H)kl J( )2+(2—8>2+1dA=gF.(_ag' 8]+k>dA jRjF - VGdA

Example:

To evaluate the flux of F = xi +yj + 2zk through S where S is given by z = ,/9 — x2 — y2

First, we should find the unit normal vector N

Take G(X, y,z) —7-J9-x2 —y2

oG ; oG
VG = o I+ ayj+ k

that is
V6= —X i+ —F__jik
J9-x2-y? J9-x2-y?

on the surface S

F :xi+yj+22k=xi+yj+2,/9—x2—y2k

) 2 2442 2(9—x2—y2) 18_X2_y2
F-G=—X 4 Y 42fg x2_y2 - X5 -
JI9x—y? 9—x?—y? d JO—X2—y? JO—X2—y?




The projection R of S in the xy-plane is the circular disk bounded by x2 + y2 =

[[F-nas

S

:”F-VGdA

J' _[ 18—x2—y
oy
27r 3

:I I js__: rdrde
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For the evaluation of

ler
S

let y9-12 —u—~9-r2 =

[
wWe—O
[ER
oo
~
(o)
[
~
o

21

0

u2

— —rdr = udu - rdr = —udu

3
j j 181" rrdg = j (36)d = 727
00

41



Divergence of a vector field

For a vector field F(x,y,z) = F1i+Foj+ F3k

we define the Divergence of F

oF, 4 oF, + oF;

denoted by divF = Ew o =

Example
For F(x,y,z) = x2yi +yzj + e Xz2k
divF = 2xy + 2+ 226X

If we consider a fluid motion with the velocity F
then divF measures the tendency of the fluid to diverge from the point (x,y,2)

The Divergence Theorem is a good tool to evaluate the surface integral by transforning it to a volume integral



For a region Q bounded by a closed surface S

we have _U F «NdS = ”j(div F)dv
S Q

under the conditions stated in the Theorem 15.12 on the page 1120 of the text

#14 on the page 1127

To use the divergence theorem to evaluate ” F - NdS

S
where F(x,y,z) = xe%i + ye?j + eZk

andSisz=4-y,z=0x=0,x=6,y=0
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F(x,y,2) = xe%i +ye?j + ek
divF = eZ + eZ + eZ = 3eZ

[ s o - [t
Q

5 Q

”j 3eZdv
Q

644~y
= _[ . J 3eZdzdydx
00 0
64
= 3.'J'(ezlg_y)dydx

00
64

-3 Ke“—y —1)dydx
00

6
=3I(_e4_y—y|g)dx

0

6

=3K—1 —4+e4>dx
0
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=3 i(e4 - 5>dx

=3(e4 - 5)6
= 18(e4 - 5)

#16 on the page 1127

To use the divergence theorem to evaluate ” F - NdS

S
where F(x,y,z) = 2(Xi + Y] + zk)

andSisz = ,/4—x2—y2 ,2=0

In this case Q is the upper hemispherical region

dvF=2+2+2=6

[[F-nNds = [[[divrav = [[[edv =6 [[[av
Q

S Q Q
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”j dV is the volume enclosed in a hemisphere of rdaius 2

Q
ichic 1 (4 3\ _ 16z«
which is 5 (3 n(2) ) 3

therefore GI(J;J. dv = 16 16T”> = 32r

3-D version of Green’s Theorem

Stoke’s Theorem

[ Fedr = [[(curF) - Nds
C S

under the conditions stated in the Thorem 15.13 on the page 1128

To evaluate I(—yzi +Xj + 22k> - dr
C

47



where C is the intersection of the plane y +z = 2 and the cylinder x2 + y2 =1
(assume a counter clockwise orientation for the curve C)

= Ln
b ot

-
10 La

Stoke’s THeorem gives

j(—yzi + Xj +22k> «dr = ”(Curl(—yzi + Xj +22k>> « NdS
C S
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J k
Viexicz2) =] & & 2 :(ﬁ_ﬂ)- (6(—y2>_ﬁ)- (ﬂ GL) _
Curl(y|+x1+z k) X oy oz & o I+ 5 X j+ 8x+8y k=(1+2y)k
X

j j((l +2y)k) - NdS
S

The surface isgivenbyy+z =2,takeG=y+z-2

”((1 +2y)k) - VGdA (R is the projection of the surface in the xy-plane which is the disk x2 + y2 <1)
R

=[[@+2y)k) - G+ kA
R

:H (1 + 2y)dA
2R7r 1

- j J.(l + 2rsin@)rdrdd

00
2rl

= I Kr +2r2 sin@)drde
00

2 1
o, 2r g
(2 + 3 sm@‘o)de

0
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2r
= I (% + %sin@)d@

0

0 2 2r

=5 3 cos@‘o

__ 2 0+ 2

= 3 cos2zr — 0+ 3 cosO

=7
2

(could note that J sinfdd = 0)
0
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