The Chain Rule:

Let w = f(u,v)

u=g(xy) andv = h(x,y)

and f,g, and h are differentiable.

then
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Example 1:
#18 on the page 929

Tofind & and 2" ats=0andt= %

Forw =sin(2x+3y) , Xx=s+tandy=s-t

oW __ X oy _
QU _ou ok n 2 — 2¢0s(2x + 3y)(1)+3c0s(2x + 3y)(1)= 5cos(2x + 3y)

ox 0s oy 05

Fors=0andt= 2, wehave x= 7 andy=-7



% s0tZ 5COS<2<%> _3<%>>: 5COS<_%>: 0

o 2= 2c08(2x + 3y)(1)+3cos(2X + 3y)(~1)= —cos(2X + 3y)

Fors=0andt= 7,wehave x= 7 andy=-=

% s0t-Z _COS<2<%> +3<_%>>: 0

Example 2:

#24 on the page 929
H 0 ow

To find < and <t

For w = xcos(yz) , x=s%,y=t?, andz=s-2t

o %+% Z—Z+%—VZV Z —cos(yz)(2s)-xzsin(yz)(0)-xy sin(yz)(1)= 2scos(yz)-xysin(yz)= 2s cos(t?s — 2t3)-s2t2sin(t?s — 2t*)

o %+% %+%—VZV 2 —cos(yz)(0)-xzsin(yz)(2t)-xy sin(yz)(-2)= —2t(s® - 2s%t) sin(t?s — 2t3)+2s°t?sin(t?s - 2t3)

Implicit differentiation using the partial derivatives

Recall that the equation x? +y2 -1 = 0 gives y a s a function of x implicitly



y=sqrt(1-x~2)

— y=-sqrt(1-x~2)

If we used, F(x,y) = x> +y? -1



F(x,y) =0 whenever we havey = Jy1-x? ory =—-4J1-x?
Now that we have x as a function of x and y as a function of x
Differentiation of F(x,y) =0

with respect to x will give
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This rule applies in all the situations, where F(x,y) = 0 gives y implicitly as a differentable function of x
and we have the derivatives available alongwith (%) +0

The same rule extends when we have

F(x,y,z) = 0 gives zimplicitly as a differentiable function of x and y

then
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Example 3:

#38 on the page 929
To find £ and 2—;
where

xIny +y?z +z%= 8

take F(x,y,z) = xIny +y?z+2%2-8
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Example 4

#52 on the page 930
V: volume, S: surface area, t: time in minutes



4 inches per minute

SART(r*2+h*2)

6 inches per minute

-

o _ g i i
<L =6 inches per minute



dh _
dt

—4 inches per minute
The volume V = Zxr2h

dv _ov dr oV dh
dt  or dt ' oh dt

L =Znrh(6)++mnr?(—4)
or

= 4xrh —%nrz

dav 4 2 . 3 .
dt |r=12,n-36 = 4r(12)(36) — 5 7(12)° = 1536z in*/min

The surface area S = nrJr? + h? + zr? (lateral area plus the area of the base)

dS _0S dr , 0S dh

- __+__

dt or dt * oh dt

‘éf (7r‘/m+rcr1/T +27tl’)(6)+( o )( 4)

2h2

d B 2(12)(36)
E | s = (I3 4 1 20(12) ) 6) + 22 ) 4

(n 122 + 362 + 7—12 le_ +27t(12))(6)+ ( J% )( ~4) = 2. 7./10 + 1447 in% min



Suggested Practice
Section 15.5:

3,9,13,17,21,25,33,41,43,51



