Lesson 4 Part 1
This lesson corresponds to the section 12.4 in the text book.
Remember that for a smooth curve P(t), if 7'(t) = 0

T®_ s the unit tangent vector with the notation T(t) = ﬁ

Take the example of P(t) = 3cos(t)i + 2sin(t)j

T (t)= —3sin(t)i + 2cos(t)j
||?,(t)| |=J9Sin2t+4coszt¢ 0

To find the unit tangent vector at the point corresponding to t = +

att==
?/(l) = -3sin( £ )i+2003(%)j
?( )= - |+2

?( )= - |+J_J

IP'o]|- J(——) +(¥3)P= vz

T(l ): —SiV3]  _3i12/3]
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Example 2:

To find a parametric equation of tangent line to a graph of
T(t) = (tcost,t +sint,2t) at P(-x, 7, 2r)

Notethat2t =27 - t=1x

MCOST = — T

T+SINT =T

therefore the point correspondstot=rn

T'(t)=(cost — tsint, 1 + cost, 2)

T'(n)=(cosm — wsinm, 1 + cosx, 2)
T"(n) = (-1,0,2) avecor along the tangent line at P(-x, 7, 27)

Therefore the tangent line passes through P(-z,7,27) and is parallel to (-1,0,2)
therefore a parametric equation of the tangent line at P(-x, 7, 2x) to the space curve T(t) = (tcost,t +sint, 2t) is
X=-n—-t y=m Z=2n+2t

[tcost,t + sint, 2t]



Since T(t) is a unit vector, note that
T()-T()=1

differentiate

T@)-T'(t)+T'()-T(t)=0

2T(t)-T'(t)= 0

Therefore T(t) and T'(t) are orthogonal



for a smooth curve T(t)

N(t) = ”I% is called the principal unit normal vector at t

provided that T'(t) # 0

Example 3:

To find the principal unit normal vector to the curve F(t) = eli + elj + V2 tk
att=0

T'(t) = —eti+elj+ 2k

_ T
TO=Por

7' 0| [~VeZrer 2
7' |=/Et +e)?

| |_r’/(t) | |= e t+et

__Tw
TOTTo]



T(t)= —etiteljr/2k _ et (—eti+elj+/2k) _ —ive?jry2etk

e trel el(etrel) 1+e2t

T(t)= ——L i +-22j +228

1+eZt 1+e2t I+ 1+e2t

2e2t i+ 2e2(1+e2)—2e2(2e2) ] + ﬁ el(1+e2)—2etet
(1+62)2 1+e2t 1+e2t

T'(t) =

k (Quotient and Reciprocal Rules)

( )_ ZeZt . i+ ZeZt 4e4tj ‘/— el eSt
1+e 2t

(1+62)2 1+e2‘

T/(O) = ?l + ?J
MOl=/(1)7+ (3) =%

N(0)="Z-i +-Z |

Let us write equations of the lines that are along the tangent and the principal normal to the graph of
T(t) = eli+elj + J/2tk at the point that correspondstot =10

The point that corresponds to t = 0 has coordinates

(e7,€% 42 x0)=(1,1,0)

The tangent line is parralel to

T(0)= ——L i +-22 j 268

1+e2(°) 1+¢20) 1+e'©



That is

T(0)= —Li +445j +2k

or
11 42
<7’?’T>
Parametric Equation of a line that passes through (1,1,0) and is parallel to <% =

24

H _ 1 _ 1 _
|sx—1—7t,y—1+3t,z— >

N|§|
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Recall from above that the normal at (1,1,0) is parallel to N(0) = =i+ -]

Parametric equation of a line that passes through (1,1,0) and is parallel to

21t lIs
/2 2
X:1+Tt,y:1+7t,220

our calculations are confirmed by the graph,
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Line of support of
the vector N

Discussion of the acceleration vector:

Line of support of the
vector T

12



Remeber that the velocity vector is

_dr
V= dt

and the unit tangent vectoris T =

if || ||¢o

V-4
=
dar
Vol ||
j—
v=[[V[[T
j—

Q

dl|v
g-a A0 |7 |

d

_|

Recall that N = IE

El_q

A= 9155

or

Z=A00 T | |9]]] ]9 [N

Therefore the acceleration vector can always be written in terms of the vectors
Tand N



therefore @ lies in the plane of Tand N

Let us find the components of acceleration along the tangent and the normal
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A 4

Component of @ along Tis given by @ - T ,it is denoted by ar

Component along Nis @+ N or thesameas |[@- (@ -T)T|/[, .itis denoted by ay
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We may prove that jar =

As an illustration, let us take up #56 on the page 864 of the text book, where
we are given

T(t)=(e'sint,ecost,et)
we have to find T(t),N(t),dr,an that corresponds tot =0

Vz%#etcost +etsint,—e'sint + etcost, et)

[ 1]
dt

=/ (etcost + etsint) + (—e'sint + e'cost)? + (e')?

=JeZcos?t + eZsin’t + 2etetcostsint + e2sin’t + e2 cos2t — 2etetcostsint + e
= Je? (cos?t +sin’t) + e (sin’t + cos?t) + e

e

=3e%

=J§et

()
__1 t tqj _pltej t t
= (e‘cost+elsint,—e'sint + ecost,e’)

=%<cost +sint,—sint + cost, 1)

dar __1 i i
W—f(—smt + cost,—cost —sint,0)
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=% J(=sint + cost)? + (—cost —sint)? + 02

=-1_[sin?t + cos?t — 2sintcost + cos2t + sint + 2sintcost

J3
—_1
=+ J2
N(t) %(—sinncost,—cost—sint,O) 1 < int ¢ t ) t0>
= =——(=SINT+ Ccost,—cCcost — sInt,
%ﬁ V2

V=_4C—(etcost +e'sint,—e'sint + e'cost,e')

a=2—(etcost —e'sint + efcost + etsint, —etcost — etsint + etcost — etsint,et)
a=(2e'cost,—2e'sint,et)

ar=a-T(t)

ar
=(2etcost,—2e'sint, et)-i<cost +sint,—sint + cost, 1)

[2etcost(cost + sint) — 2etsint(—sint + cost) + e']
—[2e*cos?t + 2’ costsint + 2e' sin’t — 2etsintcost + et ]
— [ 2¢"cos?t + 2e'sin’t +e' ]

—[2e(cos?t +sin’t) +e']

2et +el]

=
—(3e")

ﬁFﬁFﬁFﬁFﬁFaF
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=J§et

an
=a-N(t)
=(2etcost,—2e'sint,et) - L(—sint+ cost,—cost — sint,0)

[2etcost(—sint + cost) — 2etsint(—cost —sint) + 0]
—2etcostsint + 2etcos?t + 2etcostsint + 2e'sin’t + 0 |

5L

— [ 2¢" cos?t + 2e'sin’t |
= (2e'(cos?t +sin’t) )
2

ﬁIHﬁIHﬁIHﬁIﬂIH

_J_et
We have found

T(t)=%(cost +sint,—sint + cost, 1)
N(t):%@sint +cost,—cost — sint,0)

ar=yJ/3e!
an=+2 e!

att=0

T =L in0. —si -1
ﬁ<coso sin0,—sin0 + cos0,1) ﬁ<1,1,1>
1 i i _1
N ﬁ( sin0 + cos0,—cos0 —sin0,0) ~E(l, 1,0)

aT=~/§
an=+2
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YOU COULD USE THE HINT THAT THE BOOK PROVIDED FOR THIS PROBLEM

Suggested Practice Problems in the section 12.4

15,17,19,21,25,27,33,45,47,55,63,69,71
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