Lesson 2 Part2 for Section 11.4

| am writing a brief introduction of the determinants for those of you who have not worked with the
determinants before.

A 2x2 determinant is and is evaluated by using the equation

c d

ab
c d

= ad - bc

Example 1:

Evaluate

2

= 2x(-5)-1x3 = -13
3 -5

A 3 x 3 determinant can be written in terms of 2 x 2 determinants in the following manner

di dz as
by by, bs
Ci1 C2 C3



b, bs
C2 C3

b; bs
C1 C3

b1 by

C1 C2

ai —a? +as

al(b2c3 - b302)—8.2(b1C3 - b3C1)+ag(b1C2 - szl)

Example 2:
2 -1 3
Evaluate | 3 1 -6
1 1 5
2 -1 3
3 1 -6
1 1 5

=2(1x5-(-6)x1)-(-1)(3x5-(-6) x 1)+3(83x1-1x1)
=2(5+6)+(15+6)+3(3-1)

=2(11)+21 +6

=22+21+6

=49

Remember that i = (1,0,0) j =(0,1,0) k =¢0,0,1)
For three dimensional vectors

U =< Ug,Up,u3 > and Vv =< vq,Vy,V3 >



The cross product u x vis defined as

i j k
Ur Uz Uz [=(U2vz —UsV2)i +(UsVi — U1V3)j +(U1V2 — U2V1)K

Vi V2 V3

Or we may write in the component form:
U x V =(UpV3 — U3V2,U3Vy — U1V3,U1Vo — UpVy)
Example 1:
To find the cross product of the vectors
u=2i-3j+k
and
V=i-2j+7k
uxv

i j k
=2 -31

1 -2 7

=((-3)x7T-1x(-2))i+(I1x1-2x7)j+(2x(-2)-1x(=3))k
= -19i - 13j -k



Example 2:

Note that






Ixj=Kk

Jxk=1i

kxi=j

Jxi=-k

Kxj=-i

i xk = —j




Important Note:
U x V =(UpV3 — U3V2,U3Vy — U1V3,U1Vo — UaV1)

If we take

c

«(Uxv)
U1(UaV3 —U3Vz)+U2(U3Vy — U1V3)+U3(U1Ve — U2Vy)
0 (check by distributing and cancelling the like terms)

This means that uis orthogonal to u x v

similarly, we can check that v is orthogonal to u x v

Therefore u x vis perpendicular to both u and v




If the angle betweenuand vis 0, where0 <6 <n
then we can relate 8 to u xv by using a few steps of algebra
uxv ={U2V3 — UsVp, U3V — U1V3,U1V2 —-U2V1>

lux v]?

=(U2V3 — U3V2)?+(U3V1 — U1V3)2+(U1V2 — UpVy)?

= U3V3-2U2V3U3V2+U3V3+u3dvi—2u3viUVa+usvi+u2vi—2uvouavi+usvi

- u%V%+u§VE+U%V%+u%V%+UEV§+U%V%_Zu2V3U3V2—2U3V1U1V3—2U1V2uzvl

= U3vZ+u2v3+udv2+uvi+ulvi+udv2+uv2+udvi+uvi—2u,VaUsV,—2U sV iU Va—2U 1Vl oV 1—U3vi—u3v3—udv3
= (U} +uf+u3)(vi+ V3 +VE) — (Uv1 +Uavz + Usvs)® (Are you all still here?)

=[[ull®[Iv]I?=(u - v)?

=[[ull®[IvII>=(llulllIv]l cos0)?

=[[ull?IvII>=[lul1*[v]|* cos6



=[lullIv]|*(1 - cos?0)
=[lull?[lv]|?sin®8

Since,0<0 <m,sind >0

luxvi = llulffiv]sing

Also

If uand v are parallel, uxv =0

We can apply this result to obtain the following

The area of a parallelogram

Area=||uxv||




The area of atriangle

Area=(1/2)||uxv||

Note that a vector product is

NOT COMMUTATIVE, actually [u x v = —v x U|

NOT ASSOCIATIVE:
Consider:
u =(1,-1,2) v =(2,1,1) w =(1,-1,3)
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i j ok

uxv=1-12 |=(-1-2)i+(4-1)j+(1+2)k = -3i +3] +3k

2 11
i j k
(uxv)xw =| -3 3 3
1 -1 3

i j ok

=9+ 3)i +(3+9)] +(3-3)k = 12i + 12j

VxW=| 2 1 1 |=(1+3)i+(-6)j+(-2-1)k = 4i—5j—3k

1 -13

i ] k
uxivxw)=1 -1 2
4 -5 -3

with these values
(UxV)xwW # U x(Vx W)

Scalar Triple Product:

If

=3+10)i +(8+3)] +(-5+4)k = 13i + 11j -k
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U=<uUgUz,U3z >, V=<V,VsV3z > W=<W;,W2,W3 >
V X W =(VoW3 — V3Wp,VaW1 — W1V3,ViW2 — VoW1 )
U (VX W)= Uz(VaWsz — VaWp)+U2(VaWy — W1V3)+U3(ViW2 — VoWy)

That is

Uz Uz Us
U-(VxW)=l vi vz V3
W1 W2 W3

is called the scalar triple product of the vectors u,v,w
Application:

The volume of the parallelopiped shown below is |u - (v x w)]|
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Worked out Examples from the Text:

Section 11.4

Page 796

#10.

Tofinduxv,vxu,and vxv
If

u=(¢3,-2,-2) and v=(1,51)
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i ] k

uxv=3 -2 -2 [=(-2+10)i +(-2-3)j +(15+2)k = 8i — 5] + 17k
1 5 1
i j Kk

vxu=l1 5 1 [=(-10+2)i+(3+2)]+(-2-15k =-8i +5] —17k
3 -2 2

Note thatuxv =-vxu

For v x v, note that the angle 6 is 0°

therefore

IV x V||=|[v]|?sin0°= O

or you may verify this by the routine method shown above.

#32 on the page 798
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Bl

RG54) W
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PQ=(6 - 2,5 - (-3),-1 — 1)=(4,8,-2)
RS=(7 - 3,2 — (-6),2 — 4)=(4,8,-2)

The two vectors are quivalent, which means that these are parallel lines

PR=(3—2,-6 — (-3),4 — 1)=(1,-3,3)
QS=(7-6,2-5,2 — (-1))=(1,-3,3)

The two vectors are quivalent, which means that these are parallel lines

Therefore the figure is a parallelogram.

The area
i j k
PG PR|-||| 4 8 -2
1 -3 3
—[|(24 — 6)i + (-2 — 12)j + (12 — 8)K]||
—||18i — 14j — 20K]||
=,/182 + (-14)% + (-20)2
= 2,230

#48 on the page 797
To find the volume,

we have to find vectors along three coterminous edges (the edges that terminate at one point)
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and find the absolute value of the triple scalar product of these three vectors.

Q(1,0,2)

Q(o,1,1)

L]

P{1,1,0
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The volume is |O_I5 . (O_(j x ﬁf) |

OP=(1,1,0)
03=(0,1,1)
OR=(1,0,2)

7 (69 o)

Q{1,02)
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110

011

102
=3

Please work on (for practice)
#9,#15,#19,#29 #31,#35 #37,#43 #45,#47, #53 thru #64

If you have any difficulties, please post them in the discussion area.
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