In chapter 3, we worked on the second order homogeneous equations,

let us proceed to chapter 4 and solve the second order non homogeneous
equations of the type

LY+ qy = g

Our methods will rely a theoretical result that if

y1 and yz are two linearly independent solutions of the homogeneous equation

d?
LS +ay - 0

and Y(t) is a particular solution of —2- d’y

L0 +ay - 90,

d?y
dt?
y = C1y1 + C2y2 + W(t) for some choice of constants c¢; and c;

then every solution y of + p(t)% +q(t)y = g(t) has to be of the form

For now, we shall limit ourselves to the cases where p(t) and q(t)
are constants and

g(t) is either

a) a polynomial

b) is of the form e®

c) is of the form sinax or cosax

d) is of the form x*e® coshbx , x*e® sinbx



The method that we are going to use is called the method of undetermined
coefficients.

The homogeneous differential equations are related with harmonic oscillators (look
at the page 193 of the text book)

The non homogeneous systems that we are using in this chapter cover some
cases when we are ading an external force that will affect the motion of a harmonic
oscillator. The function g(t) on the right hand side of the differential equation shows
the inclusion of the external force. (look at the pages 383-383 of the text book)

Example 1
To solve the differential equation

dy ,dy

_ 2y _ abt
preaiaar i Al

First let us find linearly independent solutions of the homogeneous equation

d?y ,dy _
e Zar ¥yl

as we did before, for a solution et , we must have
s2-25-3=0
thatis (s—3)(s+1) =0

ors=-lands =3

therefore e and e are two linearly independent solutions of the homogeneous

S S _
equation @ 2t -3y=0
- : d’y _,dy _ oft
For a particular solution of Y -2 n —-3y=c¢

let us try P (t) = ke , what the book calls a lucky guess,



where k is a constant

to determine the value of k, we can substite y = ke®
d?y ,dy

in Frar 3y = e% and solve for k
with y = ke
dy _ st
g% = bke
y 5t
—2 = 25k
e oke

substitute these values in

d?y dy

a2 2dr Y=
25ke® — 2(5ke®) — 3(ke®) = e
25ke® — 10ke® — 3ke® = e

25ke® — 10ke®™ — 3ke® — e = 0

12ked — e =0

(12k — 1)e% = 0

12k-1=0
-1
K 12

Therefore



A notation for a particular solution is y,

in this example, we have

Yp = 1—1235k

General solution of the differential equation

d?y dy

2 _ 2y _ abt
az Zar =

is

y = cie7t +coedt + 1—12635t

Let us check the solution

dy _d —t st, 1 .5\ _ 1, et ” .

dy _d/a1 -6t 2t 5t _ -t 3t . 25 a5t
o E(ﬁ(—lzcle + 36ce7<' +5)e )-cle + 9coe +§e

d?y dy

diz T dt

_3y

-t 3t, 25,5t 2 (_ —6t 2t 5t _ —t 3ty 1 .5t
cie™t + 9cqet + 15°€ 12( 12c1e7® + 36ce <t + 5)e 3(cle +C28™ + 58 )

Example 2:

#18 on the page 394



For the differential equation:

2
% +4% +20y = e™

a) compute the general solution

b) compute the solutions with y(0) = y'(0) =0

and

c) to describe the long term behavior of solutions in a brief paragraph
First,

let us solve the homogeneous equation

d?y  ,dy _
F +4E + 20y =0
solve

$2+4s+20=0

Solutions are: {s = -2 + 4i},{s = -2 — 4i} by the Quadratic Formula

linearly independent solutions of the above homogeneous system are

e~2tcos 4t and e2tsin4t

now assume that



yp = ke~# is a particular solution of

d_zy dy a4t
qt2 +4E + 20y =€ i (1)
d_ytp = —4ke~4
d?yp
= 16ke
Y 6ke

to find the value of k, substituite these values in the differential equation (1)

16ke + 4(—4ke™) + 20ke 4t = g4

20ke ™ = e
20k =1
_ 1
k= 20
- d’y _ ,dy _ ot
General solution of e + 4E +20y = e
IS

y = e7(c1cos4t + ¢y sindt) + %e—‘“

b)
To find the solution corresponding to
y(0) =y'(0) =0

with



y(t) = e72(c1 cos4t + CcoSin4t) + - 56 e—4t

y(0) = 29 (cqcos4(0) + C25in4(0)) + == 4 = ¢y + 2_10

y'(t) = —e?'(cycos4t + cpsindt) + e72(—4cy sindt + 4c, cos 4t) — %e—‘”

y'(0)
= 720 (c1c0s4(0) +c25in4(0)) + 72 (~4c1sin4(0) + 4c, cos4(0)) — %e“‘(o)

_ _1
=C1 + 4cC» 5
_ 1
y(0) = 01+20 ,
y(O)—0—>C1+ 20 —O—>C1=—2—O

0) =0 > 1 _o._1 1 _o0o4,-L-_05c, =L
y'(0)=0->c1+4c, E 0 20+4c2 5 0 - 4cy 7 0-cy 16

y=¢e2 (—2—10 COS4t + = sm4t) + —e‘4t is the solution corresponding to
the conditions y(0) = y'(0) =0

c)

y = e72(Cc1cos4t + Csindt) + - 36 e

Since

|sindt] < 1 and |cos4t| < 1
ande? > Q0aswellase® >0ast > o

ast->ow,y->0



In particular

y = e‘Zt(—z—lo cos4t + %sinm) + 2—10e—4t
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In the chapter 4, we are taking up the solutions of the differential equations of the
type

@y . d
PGty =9

where p and q are constants and g(t) is one of the specific functions that are listed
in the table below.

The table summarises the book’s approach of using the particular solution for
these specific functions



g(t) form of particular solution condition

t" aop + art + ant? +.....+agt" Oisnotarootofs?+ps+q=0
t" t%(ap + art + axt? +.....+at") 0 is a root of multiplicity a of s> + ps+q = 0
eft ceft Bis notarootof s> +ps+q =20
eft cteelt B is a root of multiplicity a of s> +ps+q =0

t"eft  c(ag +ait+axt? +.....+a1t")e!  Bisnotarootof s> +ps+q=0
t"eft  ct?(ap +ait+axt? +.....+a;t")eft Bis aroot of multiplicity a of s2 +ps+q =10
cos it C€1C0S Bt + c2sin Bt iBis notarootofs?+ps+q=0
cos it t*(cycosft+ casin fit) i is a root of multiplicity a of s> + ps+q =0

the cases involving sin St are similar to the ones shown above
Example 3:

#24 on the page 395

For the differential equation

d?y

d
F+4d—¥+6y=—8

a) to find the general solution

b) to find the solution with y(0) = y'(0) = 0

Solution:
d?y ,dy _
ForF+4H+6y— 0

solve:



s> +4s+6 = 0 by using the quadratic formula to get

the Solutions iy/2 —2,-iJ2 -2

and note that

e2cos,/2t and e?siny2t

are two linearly independent solutions of the differential equation
d2y

d
F+4d—¥+6y=0

Based on the suggestions in the table above

let us try yp(t) = a as a particular solution, where a is a constant.

2
substituting these values in % + 4% + 6y = -8

we get
6a = -8

that is



__4
a=-3

2
therefore general solution of % +4 ?t/ + 6y = —

y = c1e72'cos 2t + coeAsin /2t - %

b)
for the solutions with y(0) = y'(0) =0

We have

y(t) = cre®cos Y2t + coe2sin /2t — &

3
.4
y(©) = c1- %

y'(t) = —2c1e72cos 2t —c1/2 e 4sin /2t — 2c2e2sin 2t + C2/2 e 2 cos /2
y'(0) = =2c1 + J2¢2

—0oc -4 _05¢, =4
y0)=0-ci-5=0-c1= 3

with the above values

0) =0 - —2c1 +4J2¢ —O—>——+J_c —0ocp=-——8_
y'(0) 1 2 2 2 32

therefore solution with y(0) = y'(0) =0



t) = *Ztcos 2t— —8 ggin/2t— 4
yt) = J2 3 J2t- 3

Example 4:
#30 on the page 395
For the differential equation

d?y
dt?

+2y =et
a) compute the general solution

b) compute the solution with y(0) = y'(0) =0

c) give a rough sketch and describe in a brief paragraph the long term behavior of
the solution in part b)

Solution:

Because the solutions of s2+2 = 0 are +/2i

cos/2t and sin/2t

are linearly independent solutions of ((jj g +2y =0

assume that y, = ke' is a particular solution of ?j ;’ +2y =

d2y
dt2p - ke



d?y

substitute the above values in T 2y = —e!
ke' + 2ke! = —et - k = —%
d?y
General solution of © +2y = —€!
is

y(t) = €108 /2t + Casiny21t - %e‘

b)
y'(t) = —J2cisin /2t + ﬁczcosﬁt_%et

e 1
y(0) =c1 3

y'(0) = V2e2— 5

y(0) =0-c: = +
y'(0)=0-J2c;- 4+ =0-c= L

the solution with y(0) = y'(0) =0

cosJ_t+ J_5|nJ_t



-20 T

-30 T

-40 +

-50 —

ast - oo, they(t) » —©
Example 5:

#42 on the page 398

For the differential equation
d2y

F+4y=6+t2+et

a) to compute the general solution

b) compute the solution with y(0) = y'(0) =0

c) briefly the long term behavior of the solution in part b)

Solution:

Note that cos2t and sin2t are two linearly independent solutions of



d2
Tg+4y=0

For
a general solution of
d?y

F+4y=6+t2+et

let us proceed along the lines of the exercise #36

that is

For 6 + t2, form of the particular integral is ap + at + at?

and

for e, form of the particular integral is ke!

We may try y, = ao + ait + a»t? + ke! as a particular solution

d
(%) = a1 + 2a,t + ket
d2yp
( i ) = 2a, + ket
. . d?y
substitute these values in o 4y = 6 +t2 + ¢t

to obtain



2a, + ket + 4(ap + art + art? + ket) = 6 +t2 + et

2a, + ke' + 4ag + 4ait + 4art? + 4ket = 6 + t2 + et

(4ag + 2ay) + 4art + 4a,t? + 5ket = 6 + t2 + et
dag +2a, = 6
4a,: =0
a1
da, =1 do 4
5k=1—>k=%
4ao+2a2=6—>4a0+2<%>=6—>4ao+%:6—>4a0=%—>a0:%

therefore general solution of

d?y .
a2 Y= 6+t>+e'is

- i 11 1l 1t
Yy = C1C0S2t + C2SIN2t + g t 4t + e

b)

To apply the conditions y(0) = y'(0) = 0

y(t) = C10082t + C28iN2t + % + %tz N %et
y'(t) = —2c1sin2t + 2¢, oS 2t + %t + %et

= 11 .1
y(0) = c1+ 5 6?? }
)/(0)=0—>01+E=0_>¢1:_m
y'(0) = 2c2+ &

(62}



y'(0) =0—>2c+L =05cp = -1

5 10
the solution with y(0) = y'(0) = 0
is
__63 _ 1 g 11 142, Lt
y(t) = 20 cos 2t 10 sin2t + gt 4t + 5e

__63 _ 1 g 11 142, Lt
y(t) = 40cosZt 10S|n2t+ 5 +4t +5e

30T

20T

10T

5
X

%e‘ will dominate the long term behavior and this solution goes to «

fastast - o

Example 6:

#14 on the page 407

To solve the initial value problem:

2
% +2% +Yy = 2c0s2t



y(0) =y'(0) =0

For
dY +2ﬂ +y=0
dt? dt

solves?+2s+1 =0

(s+1)°=0

s = -1 is a repeated root

2
et and te! are linearly independent solutions of % + 2% +y=0
d’y  ,dy . _
For, e + ZW +y = 2c0s2t we may try

Yp = C1C0S2t + C2Sin2t

d_ytp = —C12sin2t + C22C0s2t = —2¢1 Sin2t + 2¢, Cos 2t
2
ddt)gp = —C14C0S2t — Co4sin2t = —4c1 OS2t — 4c, sin2t

Lo d?y dy B
substitite in el + ZE +y = 2c0s2t

—4c1c0S2t — 4C,Sin2t + 2(—2¢1 Sin 2t + 2¢, €0S 2t) + €1 COS 2t + €2 SiN2t = 2c0s 2t

—4c1c0S2t —4c,sin2t — 4c1Sin2t + 4c,c0s2t + €1 C0S2t + Cc,Sin2t = 2cos 2t



(—3c1 +4cp)cos2t + (—4c1 — 3c2)sin2t = 2cos 2t

OR
-3c1+4c, =2 .......... (1)
—4c1—3C2 =0 cennnn.n.. (2)

multiply the equation number (1) by 3 and the equation number (2) by 4
and add

- _6
€1 =775
. . _L .
substitute ¢; = 25 in (2)

_a(__6 ) _ _0_ 24 _ 05— 8
4( 25) 3c2=0- 2t -3¢, -0, - -8

OR you may use the matrix method

3 4 2 10—
, row echelon form:

4 -3 0 8
01 35

General solution is

y =aet+aset - 6 cos2t + B sin2t

25 25

with the conditions:
y(0) =0 andy’(0) =0

_ gt t_ 6 8 g
y(t) = aje™' + aste 5 cos2t + 5 sin2t

(t) — _q.e-t —t _ —t, 12 16
y'(t) = —a1et+aet —axte ™" + o5 sin2t + o5 cos 2t



16 _

—0->a, -2 = -6
y(0) =0- a; 5 O16 a oE .
y(0)=0—>—a1+a2+g=O—>—§+a2+——

the solution of the initial value problem is

_ 6 ot 24t 6 _
y(t) = 25e 5te o5 cos 2t

Example 7:

To find the general solution of

2
%M% +20y = e sin4t

For

2
%m% +20y =0

8

25

sin2t

25



solve s?+4s + 20 = 0 by using the Quadratic Formula

s2 +4s+ 20 = 0, Solution is: =2 + 4i,-2 — 4i

linearly independent solutions are

e2tcos4t and e?tsin4t

When we look at g(t) = e~?'sin4t

first, it turns out to be the one of the solutions of the homogeneous part
second, it is not covered in any of the cases listed below

g(t) form of particular solution condition

t" aop + art + ant? +.....+ast" 0 is not a root of s2 + ps + ¢ = 0 (auxiliary eq)
t" t?(ag + ayt + axt? +.....+ast") 0 is a root of multiplicity « of s> + ps+q = 0
eft cet Bis not aroot of s> +ps+q =10

eft cteelt B is a root of multiplicity o of s> +ps+q =0

t"eft  c(ag +ayt+axt? +.....+a1t")e!  Bisnotarootof s> +ps+q=0
t"eft  ct?(ap + art + axt? +.....+ast")eft Bis aroot of multiplicity o of s> +ps+q =0
Cos it €1 C0S Bt + Ccosin Bt iBis notarootofs®+ps+q=0
cos it t*(cycosft+ casin fit) i is a root of multiplicity a of s> + ps+q =0

Return to e 2tsin4t

It is the imaginary part of the expression e?!(cos4t + isin4t)
which is the same as the imaginary part of g2t = g(-2+4Dt

since, —2 + 4i is a solution of multiplicity 1 of the auxiliary equation,



we may try y, = te?(c1 cos4t + ¢, sin4t) as a particular solution of

2
%M% +20y = e sin4t

and proceed with routine substitution and find the values of ¢c; and c»

but a smarter strategy in this case will be to take up the imaginary part of

yp = ateCZ4)t as a particular solution

Look at the complex version of the differential equation

d?y, , dyp _ a(—2+4i)t
dt2 +4T + 20yp =€

we are putting t as an extra factor because -2 + 4i is a root of (multiplicity 1)

of the auxiliary equation.

yp = ate2+4t

d(;/tp = ae(2t 4 at(=2 + 4i)e2Hix

o _ (a4 at(2 + 4i))ec2n

= (a(=2 + 4))eC2H4t 4 (a + at(—=2 + 4i) ) (2 + 4i)e 2+t

= ((a(-2+4i)) + (a+at(-2 + 4i)) (-2 + 4i) )e 2+t

put these values in

((A(=2 + 4i)) + (@ +at(—2 + 4i) ) (=2 + 4i))e 24Dt + 4(a + at(=2 + 4i) )e 24Dt 4 20ate -2+4t

[((a(=2 + 4i)) + (a — 2at + 4diat) (-2 + 4i)) + 4(a + at(=2 + 4i)) + 20at]e 24Dt = g2+t



[-2a + 4ia — 2a + 4ia + 4at — 8ati — 8ati — 16at + 4a — 8at + 16ati + 20at]e2+4Dt = g2+t

after cancellations we get

[4ia + dia]e-2+4)t — g(-2+4it

that is

therefore a particular solution is obtained by finding the imaginary part of

that is

Yp = —%ite‘ﬂ(cosm +isin4t) = —%ite‘2t cos4t + %te‘”sinm

therefore —%te—2t cos4t the imaginary part of the above expression,
is a particular solution

General solution of

d?y , ,dy _ o2
FME + 20y = e “'sin4t
IS

y = e7%(a; cos4t + ap sindt) — %te‘2t cos 4t

Please read the sections 4.3,4.4,4.5 in the text book



Yp = te?'(c1cos4t + ¢, sin4t)
73

i e2(c1 cos4t + ¢, sin4t) + 2te?(cq cos4t + co sin4t) + te?(—4cy sin4t + 4c, cos4t)

OR
73
dt
OR
73
dt
OR

= e?(c1 cos4t + cpsin4t) + te?'(2(c1 cos4t + ¢ Sin4t) + (—4cy sin4dt + 4c, cos4t))

= e?'(c1c0s4t + c2sindt) + te?((2c1 + 4c2) cos4t + (—4c1 + 2¢2) sin4t)

—L2 = (C1 +2(Cc1 + 2¢,)t)e? cosdt + (Co + 2(—2C1 + C2)t)e?tsin4t

% = ((C1 +2(C1 + 2C;)t) COS At + (C2 + 2(~2C1 + C2)t) sindt)e?

therefore, we have

2
ddt)gp = (2(cy + 2¢2) cos4t — 4(cy + 2(C1 + 2C2)t) sin4dt + (2(—=2¢1 + C2)) sin4t + 4)e?










